We conjecture a Fibonacci-like property on the number of numerical semigroups of a given genus. Moreover we conjecture that the associated quotient sequence approaches the golden ratio. The conjecture is motivated by the results on the number of semigroups of genus at most 50. The Wilf conjecture has also been checked for all numerical semigroups with genus in the same range.
Introduction
Let N 0 denote the set of all non-negative integers. A numerical semigroup is a subset Λ of N 0 containing 0, closed under addition and with finite complement in N 0 . For a numerical semigroup Λ define the genus of Λ as the number g = #(N 0 \ Λ). As an example of numerical semigroup one can take {0, 4, 5, 8, 9, 10} ∪ {i ∈ N 0 : i 12}.
In this case the genus is 6. We are interested on the number n g of numerical semigoups of genus g. It is obvious that n 0 = 1 since N 0 is the unique numerical semigroup of genus 0. On the other hand, if 1 is in a numerical semigroup, then any non-negative integer must belong also to the numerical semigroup, because any non-negative integer is a finite sum of 1's. Thus, the unique numerical semigroup with genus 1 is {0} ∪ {i ∈ N 0 : i 2} and n 1 = 1. We conjecture 1. n g n g−1 + n g−2 , for g 2 2. lim g→∞ ng−1+ng−2 ng = 1 3. lim g→∞ ng ng−1 = φ, where φ is the golden ratio.
Notice that point 2 would mean the sequence n g to behave asymptotically as the Fibonacci sequence. This conjecture is motivated by the results on the number of semigroups of genus at most 50.
Computation of n g
Every numerical semigroup can be generated by a finite set of elements and a minimal set of generators is unique (see for instance [3] ). Let m be the smallest non-zero element of a numerical semigroup Λ, usually referred as its multiplicity.
The set of minimal generators of Λ can be easily computed because it is a subset of the finite set
This last set is intimately related to the Apéry set of Λ [1, 3, 5, 6, 4] . The conductor of a numerical semigroup Λ is the unique integer c with c − 1 ∈ Λ and c + N 0 ⊆ Λ. Given a numerical semigroup Λ of genus g and conductor c, Λ ∪ {c − 1} is a numerical semigroup and its genus is g − 1. So, any numerical semigroup of genus g can be obtained from a numerical semigroup of genus g − 1 by removing one element larger than or equal to its conductor. It is easy to check that when removing such an element from a numerical semigroup, the set obtained is a numerical semigroup if and only if the removed element belongs to the set of minimal generators.
For instance, the unique numerical semigroup of genus 0 is N 0 . Its unique minimal generator is 1. Now, removing 1 from N 0 we obtain
The numerical semigroup Λ 1 is the unique numerical semigroup of genus 1. In turn, Λ 1 has minimal generators 2 and 3. By removing 2 from Λ 1 we obtain the numerical semigroup Λ 2,1 = {0} ∪ {i ∈ N 0 : i 3} and by removing 3 from Λ 1 we obtain the numerical semigroup
The semigroups Λ 2,1 and Λ 2,2 are all the numerical semigroups of genus 2.
For the results in this paper we computed n g by brute approach. That is, we generated all numerical semigroups of genus g from all numerical semigroups of genus g − 1 as explained and then we counted them. This way one should be able to generate all semigroups of any given genus.
In the web page http://w3.impa.br/~nivaldo/algebra/semigroups/index.html by Nivaldo Medeiros one can find all numerical semigroups of genus up to 12. In Neil Sloane's On-line Encyclopedia of Integer Sequences [7] there are the values of n g for g 14. We could compute all numerical semigroups of genus up to 50.. The values in this graphic correspond to the values in Table 1 .
The obstruction on the calculus of all numerical semigroups of a given large genus using the method explained above is the huge size of the results and the need to keep them for the next step. Indeed, the growth of n g is apparently exponential with g and doing computations beyond a certain genus is really difficult using the computational means one can find at present. For instance, using a Pentium D 3.00 GHz with 1 GB of RAM it took 19 days to compute all semigroups of genus 50 and we expect that it would take about one month to compute all numerical semigroups of genus 51. The size of the compressed file containing all numerical semigroups of genus 50 is 3.6 GB.
In Table 1 there are the results obtained for all numerical semigroups with genus up to 50. For each genus we wrote the number of numerical semigroups of the given genus, the Fibonacci-like-estimated value given by the sum of the number of semigroups of the two previous genus, the value of the quotient ng−1+ng−2 ng
, and the value of the quotient ng ng−1 . In Figure 1 and Figure 2 we depicted the behavior of these quotients. From these graphics one can predict that ng−1+ng−2 ng approaches 1 as g approaches infinity whereas ng ng−1 approaches the golden ratio as g approaches infinity. We leave this as a conjecture.
On the Wilf conjecture
The Wilf conjecture ( [8, 2] ) states that the number e of minimal generators of a numerical semigroup of genus g and conductor c satisfiesTable 1 .
brute approach that any numerical semigroup of genus at most 50 also satisfies the conjecture.
